Purpose: The Alvarez-Macovski method extracts the x-ray energy-dependent information by expanding the attenuation coefficient as a linear combination of functions of energy multiplied by basis set coefficients. Since the basis functions are known a priori, the coefficients represent all the energy-dependent information. The method then computes the line integrals of these coefficients, summarized as a vector A, from measurements with multiple x-ray spectra, summarized as a vector L. The purpose of this paper is to determine the factors that affect the invertibility of the L(A) transformation with a two function basis set and two spectral measurements, the dual energy transformation. Methods: A general invertibility theorem is applied that requires testing for zero values of the Jacobian of the transformation in its input domain. General conditions for invertibility are proved. It is shown that the generalized A vector noise variance is proportional to the generalized measurement noise variance divided by the square of the Jacobian. The relationship between the zero Jacobian values and ambiguous sets of A vector points with the same L values is determined. The effect of zero Jacobian values on an iterative algorithm that inverts L(A) is simulated. Results: The choice of a particular valid basis set does not affect invertibility. Nonoverlapping measurement spectra such as those from photon counting detectors with perfect pulse height analysis are invertible. The widely used x-ray tube spectra with different voltages are shown to be invertible. Spectra with the same maximum energy, such as those from layered detectors, approach noninvertibility with small absolute value Jacobian for large object thicknesses. The zero Jacobian values fall on curves in A vector space that, except for a simple artificial case, are close to but not exactly straight lines. With noninvertible spectra, pairs of ambiguous points are located on opposite sides of the zero Jacobian curve. The iterative algorithm has large convergence errors near zero Jacobian curves and converges to the closest ambiguous point to the initial estimate for other points. Conclusion: The invertibility of dual energy systems is determined by the presence of zero values of the Jacobian of the dual x-ray energy data transformation L(A) in the input domain.
INTRODUCTION
The invertibility of dual energy x-ray systems is studied using the Alvarez-Macovski method. 1 This method expands the xray attenuation coefficient at a point in the object as a linear combination of functions of energy multiplied by basis set coefficients. Since the basis functions are known a priori, the coefficients represent all the energy-dependent information. The method then computes the line integrals of the coefficients, summarized as the vector A, from measurements with multiple x-ray spectra, summarized as the vector L. The purpose of the paper is to determine the factors that affect the invertibility of the L(A) transformation with a two function basis set and two spectral measurements, the dual energy transformation. In addition, the effects of near-noninvertibility on noise and stability are studied.
The invertibility or near-nonvertibility of L(A) affects not only systems that solve for A explicitly but also systems that seemingly do not such as material cancellation by weighted subtraction of dual energy images. Weighted subtraction can be modeled as a generalized image combination in A vector space. 2 From this point of view, the method uses the attenuation coefficients of the body materials as basis functions, 3 so the material thicknesses are the A vector components. The method neglects beam hardening, so the logarithms of the image data are proportional to the material thicknesses and the weighted subtraction operation is then equivalent to a generalized projection in A vector space. A small L(A) Jacobian absolute value implies ill-conditioned measurement data and increased noise in the material canceled images. A small Jacobian can also lead to potential instability of other methods that do not explicitly use the A vector such as iterative methods for noise reduction or beam hardening correction.
Invertibility of dual energy systems was discussed in previous papers. Early work, 4 ,5 applied a general two-dimensional inversion theorem 6 to L(A). For invertibility, the theorem requires that the transformation be invertible on a closed curve in the A vector plane and that it not have zero Jacobian values inside the curve. The previous work showed that, if the two measurement spectra have different maximum energies, L(A) is invertible on a curve around the first quadrant of A vector space. However, the previous work did not include methods to test whether the Jacobian was zero inside the curve and the distribution of zero values. That is the purpose of this paper. Recently, Levine 7 described a noninvertible dual energy system using spectra with three discrete energies. With a particular set of energies and weights, Levine found two different A vectors where the surfaces for the same measurements intersect. The transformation for these spectra is therefore not one-to-one and the system is not invertible. Levine's ambiguous points were verified using the methods of this paper.
This paper describes methods to test if the Jacobian is nonzero in the first quadrant of A vector plane and the distribution of zero Jacobian values for noninvertible spectra. The methods are applied with discrete energy as well as more realistic continuous spectra such as those from x-ray tubes with two different voltages or a single voltage tube spectrum with a layered detector. A general method to find ambiguous A vector points is introduced. The method is used to show a relationship between the zero Jacobian curve and the ambiguous points. The performance of an iterative algorithm that inverts the L(A) transformation with noninvertible spectra is described.
MATERIALS AND METHODS

2.A. The dual energy transformation
This section reviews the Alvarez-Macovski method, 1 introduces notation and derives formulas for the L(A) transformation in terms of the measurement spectra and the basis functions.
For biological materials, we can approximate the x-ray attenuation coefficient l(r,E) with a two function basis set 1, 8 lðr; EÞ ¼ a 1 ðrÞf 1 ðEÞ þ a 2 ðrÞf 2 ðEÞ:
where the coefficients a i ðrÞ are functions only of the material composition at a position r within the object and the functions f i ðEÞ depend only on the x-ray energy E. If a high atomic number contrast agent is present, we can use additional basis functions. 8 Neglecting scatter the expected value of a measurement k i with an effective measurement spectrum S i ðEÞ is
where the line integral in the exponent is on a line L from the x-ray source to the detector. The effective measurement spectra include the effects of the source spectrum and the detector response. Using Eq.
where A j ¼ R L a j r ð Þdr; j ¼ 1; 2 are the line integrals of the basis set coefficients. If the A j is summarized as the components of the vector, A, and the basis functions at energy E as a vector fðEÞ ¼ f 1 ðEÞ; f 2 ðEÞ ½ T , we can write the line integral as the inner product of A and
Column vectors are used, so T denotes a transpose.
In this paper, the basis functions f i ðEÞ have the physical units of the mass attenuation coefficient, cm 2 =g, the basis set coefficients a i are therefore dimensionless and their line integrals, the components of the A vector, have the dimensions of integrated thickness, g=cm 2 . For the purpose of analyzing invertibility, the data will be assumed to be noise free, so the measurements are equal to the expected values. The measurements can be summarized by a vector, N, whose components are the k i . Since the body transmission is exponential in A, we can approximately linearize the measurements by taking logarithms. The results are the log measurement vector
where N 0 is the measurements with no object in the beam and the division means that corresponding members of the vectors are divided.
Equations (2) and (5) define the transformation from A to the measurements, L(A).
2.B. Global invertibility
Fulks
6 discusses in Chapter 10 the existence of an inverse function of a differentiable transformation F. The local invertibility theorem (Section 10.C of the book) guarantees an inverse in a sufficiently small neighborhood of every point where the Jacobian, as defined below, is nonzero. However, it is well known that a local inverse can exist at every point in a region without a global inverse, an inverse over the whole range of F, existing. Section 10.A shows that a necessary and sufficient condition for the existence of the global inverse is that F is one-to-one. The following theorem from Section 10.D gives general conditions for a two-dimensional transformation to be one-to-one: Let F be a continuously differentiable mapping defined on an open region D in E2, with range R in E2, and let its Jacobian be never zero in D. Suppose further that C is a simple closed curve that, together with its interior (recall the Jordan curve theorem), lies in D, and that F is one-to-one on C. Then, the image Γ of C is a simple closed curve that, together with its interior, lies in R. Furthermore, F is one-to-one on the closed region consisting of C and its interior, so that the inverse transformation can be defined on the closed region consisting of Γ and its interior.
In the theorem, E2 is a two-dimensional Euclidean space and the term "Jacobian" refers to the determinant of the matrix of all first-order partial derivatives of F
The dual energy transformation L(A) satisfies the conditions of the theorem, so we will apply it to test invertibility. The contrapositive of the theorem implies that all noninvertible dual energy transformations will have at least one point in the input domain where the Jacobian is equal to zero or will not be one-to-one on C. Previous work 4, 5, 9 showed that spectra with different maximum energies are invertible on a curve C consisting of straight line segments on the positive A 1 and A 2 axes starting at the origin and a section of a circle in the first quadrant centered on the origin and joining the end points of the segments. The invertibility on the segments on the A 1 and A 2 axes was shown under very general conditions since objects whose A vectors are constrained to be on these axes are composed of only one material.
The transformation was shown to be invertible on the circular portion of C in the limit of large radius because, with beam hardening, as |A| approaches infinity, the normalized transmitted spectra approach narrowband functions at the maximum energies. These are invertible if and only if the maximum energies are different. 10 Some spectra tested in this paper have the same maximum energies and we would expect their transformation to become noninvertible for large object thicknesses. However, the transformation may be invertible for moderate thicknesses if we can guarantee that the Jacobian is nonzero inside the region of possible A vectors of the object.
2.C. The Jacobian matrix of the dual energy transformation
For the dual energy transformation, the matrix M of all partial derivatives has elements
Since L i ¼ À log
, we can rewrite this as
Substituting the expected value of measurements given by Eq. (2)
Defining the transmitted spectrum,
the normalized transmitted spectrum iŝ
With this definition, the elements of the Jacobian matrix are
That is, M ij is the effective value of the f j ðEÞ basis function in the normalized transmitted measurement spectrum,ŝ i ðEÞ.
2.D. The Jacobian determinant
With dual energy measurements, M is two-dimensional, so its determinant is
Substituting from Eq. (8),
where
2.E. Jacobian and noise
The effect of the Jacobian on noise can be computed with the determinant of the Cram er-Rao lower bound (CRLB), which is the minimum noise covariance for any unbiased estimator. 11 The determinant of a covariance is known as the generalized variance 12 and is a widely used scalar measure of multivariate dispersion.
For normally distributed measurement data with covariance R L and for the expected values required for materialselective imaging, the CRLB is
where the T and À1 superscripts denote the transpose and the inverse of a matrix, respectively. The matrices are square, so the determinant of the product is the product of the determinants and the determinant of the inverse, if it exists, is one divided by the determinant. Substituting in Eq. (14), the determinant of the CRLB and therefore the minimum generalized variance of the A estimates is
This equation implies that, for a given measurement noise generalized variance, a small Jacobian J results in a large A vector estimate generalized variance.
2.F. The Compton scattering/photoelectric interaction cross section basis set
The Compton scattering/photoelectric interaction cross section basis set 1 is useful because the functions have analytical formulas and the basis set coefficients, which are proportional to the cross section of each interaction, are positive. The Compton scattering basis function f Compton is computed as a normalizing constant times the integrated Klein-Nishina cross section [see eq. (2.11) of Evans 13 ] and the photoelectric interaction approximated as f P ðEÞ ¼ Constant=E 3 . Figure 1 shows that the basis functions and their ratio are monotonically decreasing.
2.G. Computing M(A)
We can compute the elements of M as a function of A using Eq. (8) . In this paper, the incident spectra are either artificial functions such as discrete delta functions or x-ray tube spectra computed using the TASMIP algorithm. 14 The basis functions are either the Compton scattering/photoelectric effect cross sections 1 discussed in Section 2.F or the attenuation coefficients of two physical materials 3 such as water and bone. The attenuation coefficient of the materials was computed from their chemical formula as the fraction by weight of each element multiplied by the element's mass attenuation coefficient. The attenuation coefficients of the elements were computed by piecewise continuous Hermite polynomial interpolation of the standard Hubbell-Seltzer tables. 15 The elemental composition of bone is from the ICRU Report. 16 Equation (8) can also be used with dual layer detectors 17 where a "front" layer selectively absorbs lower energy photons and a "back" layer absorbs higher energies. These detectors respond to the total energy of the absorbed x-ray photons and can be modeled in Eq. (8) for the front layer using the effective spectrum 18 S front ðEÞ ¼ EnðEÞ 1 À e Àd 1 l 1 ðEÞ l abs;1 ðEÞ
In this equation, E is the x-ray energy, n(E) is the photon number spectrum incident on the detector, d 1 is the front layer thickness, l 1 ðEÞ is its attenuation coefficient, and l abs;1 ðEÞ is its energy absorption coefficient. The back layer effective spectrum is 17) where the two subscripts refers to the properties of the back layer detector material. The additional information required to compute these effective spectra is the absorption coefficient, which is available from the Hubbell-Seltzer tables and was computed using the same interpolation method as the attenuation coefficient.
2.H. M ratio test for the location of zero Jacobian
The invertibility theorem requires that we test whether the Jacobian is zero in the first quadrant of the A vector plane. The M matrices for this region can be computed as described in Section 2.G and their determinants computed. However, an alternative that provides additional insight is to compute the difference of the ratios of the elements of the columns of the M matrix. These ratios are dimensionless quantities and have less variation than the M element product terms in Eq. (12) . Putting the difference of the ratios over a common denominator
Since the denominator is always positive, the Jacobian will be equal to zero if the ratios are equal.
2.I. Ambiguous points
Ambiguous points are two or more A vectors with the same L value. If they exist, L(A) is not invertible because it is not one-to-one. We find possible ambiguous points corresponding to a point A 0 with measurement LðA 0 Þ ¼ L 10 ; L 20 ½ by searching the second spectrum measurements along the contour curve of constant first spectrum measurement, L 1 ðAÞ ¼ L 10 . For ambiguous points, the second measurement is equal to its value at the initial point, L 2 ðtÞ ¼ L 20 , where t is distance along the L 1 contour curve. If these points exist, they are ambiguous since all points on the contour have the same L 1 value.
We can also search for duplicate L 1 values along the contour curve of constant L 2 value through the initial point. Since the ambiguous points are at the intersections of the L 1 and L 2 contour curves, both searches will result in the same set of points.
2.J. Iterative algorithm to invert L(A)
The invertibility of L(A) was tested with an iterative inverse transform algorithm. Given an input measurement L input , the algorithm found the value A solution that minimized jLðAÞ À L input j 2 . The initial estimates were the actual A vectors plus a normally distributed, zero mean, random vector whose independent components had a standard deviation of 0.2. The software used the Nelder-Mead simplex search algorithm 19 as implemented by the Matlab fminsearch function. The L(A) were computed with Eqs. (5) and (2) and had no random noise, so any errors are due to erroneous convergence of the algorithm.
RESULTS
3.A. Choice of basis set does not affect invertibility
Assuming the basis functions span the attenuation coefficient space, the choice of basis set functions does not affect invertibility. With different sets of basis functions, the basis set coefficients, and therefore, the A vectors are linearly related so A 0 ¼ CA, where A is for the original basis set and A 0 is for a different set. So long as both sets of basis functions span the space of attenuation coefficients, the matrix C is invertible and has a nonzero determinant. Applying the multivariate chain rule, the Jacobian matrix with the new basis set is
Since the determinant of the product of two square matrices is the product of their determinants
Since det(C) 6 ¼ 0, J A 0 is zero if and only if J A is zero and the choice of basis functions does not affect invertibility.
3.B. Nonoverlapping spectra are invertible
Using the equation for the Jacobian derived in Section 2.D, we can show that nonoverlapping spectra are invertible. Suppose E 1 f g and E 2 f g are the set of energies for which the amplitudes of the spectra S 1 and S 2 are nonzero. We define nonoverlapping spectra as follows. With the labels chosen so that the second spectrum has larger energies, then for nonoverlapping spectra, all the nonzero amplitude energies of S 2 are strictly greater than those of S 1 , E 2 f g [ E 1 f g. Solving Eq. (13) for zero values, we can test the numerator since the denominator is always positive. Factoring the determinant in the numerator
The other terms in the integrand of Eq. (13) are exponential functions, which are always positive. With the Compton/ photoelectric basis set, Section 2.F shows that the ratio of basis functions is a monotonically decreasing function of energy and, for nonoverlapping spectra, the right hand side of Eq. (19) is always negative. The Jacobian therefore cannot be equal to zero and the system is invertible. By the results in Section 3.A, this result is true for any valid basis functions. The converse of this result is not necessarily true. As an example, completely overlapping discrete energy spectra with the same energies but different amplitudes are shown to be invertible in Section 3.G.1.
3.C. Invertibility of dual voltage x-ray tube spectra
The M-column ratio test described in Section 2.H was applied with the widely used dual voltage x-ray tube spectra. Figure 2 shows a three-dimensional plot of the ratios of the elements of the columns of the M matrix as a function of A. Dual voltage 80 and 120 kilovolt X-ray tube spectra were computed as described in Section 2.G. These spectra have different maximum energies, so the theorem described in Section 2.B implies that the measurements are invertible if there are no zero Jacobian values in the first quadrant. The figure shows that the surfaces do not intersect, so the M-ratio test implies that there are no zero Jacobian values and the L (A) transformation is invertible.
3.D. Invertibility of spectra with same maximum energy
As observed in Section 2.B, due to beam hardening, for large |A|, the normalized transmitted spectra will approach narrowband functions at the maximum energy. If the maximum energies of the measurement spectra are equal, the Mcolumn ratios will both approach one, the Jacobian will approach zero, and the system will be noninvertible.
This was verified in Fig. 3 . In the top panel, the Mcolumn ratios for x-ray tube spectra with two different voltages are plotted as a function of object thickness. The two voltage spectra do not have the same maximum energies and their M-column ratios do not intersect for large | A|. The bottom panel shows the ratios for a dual layer detector with a fixed voltage x-ray tube incident spectrum. The effective spectra have the same maximum energy and the ratios both approach one and their difference and therefore the Jacobian approaches zero.
3.E. Ambiguous points and zero Jacobian curve
We can use Rolle's theorem to show that the zero Jacobian curve is located between ambiguous points. The theorem states (see Section
While multidimensional versions of Rolle's theorem 20 are available, we can apply the one dimension theorem with the method for locating ambiguous points described in Section 2.I.
Suppose A 1 and A 2 are the two ambiguous points and that L 2 ðtÞ is the second spectrum measurement on the L 1 contour curve joining the two ambiguous points. In the equation, t is distance along the contour curve. Since, by the definition of ambiguous points, 
Along the contour curve, L 1 is constant, so @L 1 =@t ¼ 0.
At the point where @L 2 =@t ¼ 0, the right-hand side of Eq. (20) is equal to a zero vector. Equation (20) is then a set of homogeneous linear equations whose coefficients are the elements of M andû N1 is the solution. Homogeneous equations have a nonzero solution if and only if the determinant of the matrix of coefficients, the Jacobian in our case, is equal to zero. Sinceû L1 is a unit vector, its components are not all equal to zero, and therefore, the point where the L 2 derivative is equal to zero coincides with the intersection of the contour and the zero Jacobian curve. Therefore, the ambiguous points are on the L 1 contour on opposite sides of its intersection with the zero Jacobian curve. Sections 3.F.3 and 3.G.2 describe numerical simulations illustrating the ambiguous points.
3.F. 1X2 delta function spectra
Spectra consisting of a single and two delta functions are simple enough to be described in closed form yet exhibit the behavior of more complex spectra, so they will be analyzed in detail in this section. The spectra parameters are shown in Fig. 4 . The second spectrum energies are labeled, so E 21 \ E 22 and it is assumed that these energies are different.
Referring to Fig. 4 , the measurements with 1X2 spectra are 
where j = 1,2.
3.F.1. 1X2 zero Jacobian line
We wish to solve for the A where the Jacobian is equal to zero. Using Eq. (12) for the Jacobian and Eq. (22) for the elements of M, the denominator is always positive. Therefore, it is sufficient to determine the points where the numerator is equal to zero. After some algebra, we see that the numerator is the two-term exponential polynomial
M-column ratios . It used a 140 kV x-ray tube spectrum with a ZnSe front layer and a gadolinium oxysulfide Gd 2 O 2 S back layer. The detector response was computed as described in Section 2.G. [ , gathering terms and taking the logarithm of both sides, the zero values, if any, fall on a straight line in the A vector plane df A ¼ log À wð1Þ wð2Þ (25) where df ¼ f E 21 ð ÞÀf E 22 ð Þ. The system will be noninvertible if the line exists and is in the first quadrant.
The perpendicular vector to the line is
where d is the right-hand side of Eq. (25) and df 1 df 2 are the components of df. The vector has a length
and an angle with the A 1 axis
Note that the angle of the line h does not depend on the spectral weights but only on the values of the basis functions at the second spectrum energies. The distance of the line from the origin, |n|, that is, the thickness of the object for a zero Jacobian value, depends on the ratio of the weights as well as df.
3.F.2. 1X2 noninvertibility conditions
The first requirement for the existence of the line defined by Eq. (25) is that the signs of w(1) and w(2) are different, so the argument of the logarithm on the right-hand side is positive. This condition is also evident directly from Eq. (23) and the fact that the exponential function is always positive. The top panel of Fig. 5 is a plot of the sign of Àw 1 =w 2 as a function of the single delta function energy, E 11 . The sign is positive and the system is potentially noninvertible if E 11 is in the range
The Compton/photoelectric basis set was used with Eq. (24) to compute the signs of the weights. The energies of the second spectrum delta functions were 60 and 80 keV. The other requirement for the system to be noninvertible is that the J = 0 line be in the first quadrant of the A vector plane. Since the components of df are positive, this requires that |w(1)| > |w(2)|, so the logarithm on the right-hand side of Eq. (25) is positive. The bottom panel of Fig. 5 shows the E 11 energies where the argument of the logarithm is positive and greater than one and the system is noninvertible. The greater than one region depends not only on the delta function energies but also on the ratio of the amplitudes of the second spectrum. These were [0.2, 0.8] for the simulation. (25) is positive. In this case, the line is in the first quadrant and the system is noninvertible. The amplitudes of the second spectra delta functions were [.2, .8].
3.F.3. 1X2 ambiguous points -numerical results
[Color figure can be viewed at wileyonlinelibrary.com] computed using the formulas described in Section 2.A for a region in the first quadrant of the A vector plane with a Compton/photoelectric basis set. The Jacobian matrices M(A) and their determinants J(A) were computed for the points in the region as described in Section 2.C. The zero Jacobian line and the N 1 ¼ constant line through a point near the center of the A vector region were computed from the L(A) and J(A) data using the Matlab contour function. The intersection of the two lines and the N 2 values at points on the N 1 contour were computed.
The results are shown in Fig. 6 . The top panel shows the two lines and the ambiguous points on the N 1 contour. Also plotted is the N 2 minimum point as the red X. As expected from the theoretical results in Section 3.E, the minimum occurs at the intersection of the N 1 contour and the zero Jacobian line. The central panel plots N 1 and N 2 as a function of position along the contour line. The bottom panel shows the N 2 values and some ambiguous points as a function of distance along the contour. There is a corresponding ambiguous point for each point on one side of the N 2 minimum.
3.G. Levine 3X3 spectra
Levine 7 showed that a set of spectra with three delta functions each was noninvertible because it had ambiguous points. Levine's theoretical approach was different from that in this paper, so these spectra were analyzed using the methods in this paper and the results compared.
In general, we would expect that the numerator of the Jacobian with 3X3 spectra has nine exponential terms. However, with the simplifying assumptions made by Levine, the numerator has three exponential terms. These assumptions are (a) both spectra have the same delta function energies and (b) the amplitudes of the first spectrum are equal. With these assumptions and labeling the delta function energies as E 1 \ E 2 \E 3 , we can use Eqs. (8) and (12) 
wð1; 2Þe
Àexð1;2Þ þ wð1; 3Þe Àexð1;3Þ þ wð2; 3Þe Àexð2;3Þ :
In this equation, the weights of the exponential polynomial terms are
and the exponents are
3.G.1. Levine spectra invertibility
No analytic solution for the zeros of a three-term exponential polynomial was found, but we can make some inferences by applying Descartes' rule of signs, which is also applicable with exponential polynomials. 22 With the pairs of k 1 ; k 2 indexes for the weights w k 1 ; k 2 ð Þ indicated in Eq. (27), the differences of the ratios of the basis functions in the brackets of Eq. (28) are all negative since the ratio is a monotonically decreasing function of energy. The overall signs of the weights thus depend on the difference of spectral amplitudes in the parentheses on the right side of the equation. The amplitudes of the second Levine spectrum are not monotonic; therefore, one of the exponential term weights has a different sign than the other two, and by Descartes' rule, there is a possibility of a zero Jacobian value. If, however, the amplitudes of the second spectrum were monotonic, the signs of their differences and therefore the weights are all the same, so there is no solution for zero Jacobian and the system is invertible. This is illustrated in Fig. 7 , which shows 3D plots of the M-column ratios as a function of A. The methods described in Section 2.G were used to compute M(A) with the Compton/photoelectric basis set. The top panel shows results with Levine's original spectra. The surfaces intersect resulting in zero Jacobian values, so the spectra are not invertible. The bottom panel shows the ratios with the second spectrum modified, so its amplitudes increase monotonically. In this case, the weights of the exponential polynomial terms all have the same sign, so the surfaces do not intersect, there are no zero Jacobian values, and the system is invertible. The insets in the plots show the delta function amplitudes.
3.G.2. Levine spectra ambiguous points
The method for computing ambiguous points described in Section 3.F.3 was used with the Levine spectra. The N 1 contour through the first Levine point A vector, [2.5, 1] , and the N 2 value at the point were computed. A second point with the same N 2 value was found by searching along the contour. The point found, [4.09, 0.13] , was the same as that reported by Levine. 7 The results are shown in Fig. 8 .
3.H. 1X2 and Levine spectra zero Jacobian curves simulations
Section 3.F.1 shows that the zero Jacobian curve for 1X2 spectra is a straight line. An interesting question is whether the curve for more complex spectra is also a straight line.
This was studied by simulation using the methods described in Section 2.G to compute M(A) and in Section 2.D to compute the J(A). The zero Jacobian contours with both spectra were computed with the Matlab contour function. A minimum least squares straight line was fit to the contours and the residuals, that is, the signed distances from the actual curve to the best fit line, were computed. The contours and the fit lines are shown in top panel of Fig. 9 . Note that both are close to straight lines. The residuals to the straight line fit are shown in the bottom panel of the figure. As expected, the 1X2 spectra residuals are essentially zero -the curve is a straight line. However, the residuals with the Levine spectra are much larger and indicate that the curve is not a straight line.
3.I. Iterative inversion algorithm results
The errors with the iterative algorithm to invert L(A) for points on a test line through the A vector plane are plotted as a function of distance along the line in Fig. 10 . As discussed in Section 2.J, the L(A) data have no random noise, so any errors are due to lack of convergence. The inverse of the absolute value of the Jacobian is also plotted as the solid red line. The peak in convergence errors occurs near the intersection of the test line and the zero Jacobian line.
The iterative algorithm was also tested with the Levine ambiguous points. The L vector for the first point A Levine;1 was used as test data. The solution depended on the initial point of the iteration. In general, the algorithm converged to the ambiguous point nearest the initial point. 
DISCUSSION
The noninvertibility of the systems studied manifests in two ways: curves of zero Jacobian values in the first quadrant of the A vector plane and ambiguous points on either side of the curves. Figure 7 shows that the M-column ratio surfaces are smooth, nearly planar sheets and their intersections are one-dimensional curves close to straight lines. The near planar geometry of the sheets may be due to the near linearity of L(A). The numerical simulation results in Section 3.H show that the curve for the 1X2 spectra is a straight line as expected from the analytical results in Section 3.F.1 but, for the more complex Levine spectra, the curve is close to but not a straight line.
The contrapositive of the invertibility theorem requires that all noninvertible systems have zero Jacobian values at some points in their input domain. However, other noninvertible systems than those studied here may have different regions of zero Jacobian values. The systems studied use a variety of spectra both discrete and continuous and exhibit similar results so near straight line zero Jacobian curves may be a general property of noninvertible dual energy systems. Section 3.A shows that the choice of a set of basis functions that span attenuation coefficient space will not affect whether the system is deterministically invertible. Some basis sets such as the basis materials set are useful for experimental implementations while others such as the Compton scattering/photoelectric are useful for theoretical results.
Since the zero Jacobian values are located on one-dimensional curves in the A vector plane, experimental tests of dual energy system stability need to measure the Jacobian on a relatively well-sampled grid. The measurements could be done using the imaging system source and detector with a twodimensional step wedge phantom with different thicknesses of basis materials placed into the system. Section 3.C shows that the widely used dual voltage x-ray tube spectra are invertible throughout the A-vector plane while Section 3.D shows that a layered detector can become close to noninvertible for large object thickness. The layered detector uses a fixed voltage tube spectrum, so the effective spectra from the two layers have the same maximum energy. As a result, the Jacobian approaches zero for large thickness. However, with spectra that have different maximum energies such as the dual voltage x-ray tube spectra, the Jacobian does not approach zero.
As shown in Section 2.E, the generalized noise variance is proportional to the measurement noise generalized variance divided by the square of the Jacobian. With systems such as layered detectors, the increased noise for large thicknesses is due not only to increased quantum noise with fewer detected photons but also to decreased Jacobian. Experimental results 23 show that an implementation of the layered detector had a Jacobian of approximately one third that of a voltageswitched system for an approximately 5 cm thick acrylic plastic object. The layered detector had a correspondingly smaller signal to noise ratio per dose than the voltage-switched system. Section 3.B shows that systems with nonoverlapping spectra, such as ideal photon counting systems with two-bin PHA, are invertible. However, the converse of this result is not necessarily true. As an example, Section 3.G.1 shows that the modified Levine spectra with monotonic second spectrum weights are invertible even though they are completely overlapping. Sections 2.I and 3.E show that there are pairs of ambiguous point on either side of the zero Jacobian curve. The results in Section 3.G.2 show that the method of this paper to locate the ambiguous points reproduces the ambiguous points found by Levine 7 with a different method. Section 3.I shows that an iterative algorithm to invert the dual energy transformation has large convergence errors near the zero Jacobian lines. For the simulation, relatively accurate initial estimates were assumed to be available. If less accurate initial estimates are used, the system may converge to the nearest ambiguous point to the initial estimate, which can lead to large errors in the estimated result.
The extension of the methods of this paper to analyze the invertibility of photon counting detector data is a subject of current research. A preliminary study 24 gives an example of a photon counting system with PHA that is invertible with a low pileup factor but becomes noninvertible for larger pileup.
CONCLUSION
The invertibility of dual energy spectral measurements is studied. Several invertible and noninvertible spectra and detector systems are described. Methods are introduced to determine regions of zero Jacobian values in the A vector plane. In the noninvertible systems studied, the zero Jacobian regions fall on curves that are close to but not straight lines. Another characteristic of noninvertible systems is the sets of ambiguous A vectors that have the same measurements. A method is introduced to locate pairs of ambiguous points. These points are symmetrically located on opposite sides of the zero Jacobian lines. Noninvertibility causes large convergence errors of iterative inverse transformation algorithms and increased noise near points with small absolute value Jacobian.
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